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Lesson 23: Nonlinear motion
Student Outcomes


Using square roots, students determine the position of the bottom of a ladder as its top slides down a wall at a
constant rate.

Lesson Notes
The purpose of this optional extension lesson is to incorporate the knowledge obtained throughout the year into a
modeling problem about the motion at the bottom of a ladder as it slides down a wall. In this lesson, students will use
what they learned about solving multi‐step equations from Module 4 which requires knowledge of integer exponents
from Module 1. They will also describe the motion of the ladder in terms of a function learned in Module 5 and use what
they learned about square roots in this module. Many questions are included to guide students’ thinking, but it is
recommended that the teacher lead students through the discussion but allow them time to make sense of the problem
and persevere in solving it throughout key points within the discussion.

Classwork
Mathematical Modeling Exercise and Discussion (35 minutes)
There are three phases of the modeling in this lesson: assigning variables, determining the equation, and analyzing
results. Many questions are included to guide students’ thinking, but the activity may be structured in many different
ways including students working collaboratively in small groups to make sense of and persevere in solving the problem.
Students may benefit from a demonstration of this situation. Consider using a notecard leaning against a box to show
what flush means and how the ladder would slide down the wall.
Exercise
A ladder of length ft. leaning against a wall is sliding down. The ladder starts off being flush (right up against) with the
wall. The top of the ladder slides down the vertical wall at a constant speed of ft. per second. Let the ladder in the
position slide down to position after second, as shown below.

Will the bottom of the ladder move at a constant rate away from point ?
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Identify what each of the symbols in the diagram represent.


represents the corner where the floor and the wall intersect.
represents the ladder in the starting position.
represents the position of the ladder after it has slid down the wall.
represents the starting position of the top of the ladder.
′ represents the position of the top of the ladder after it has slid down the wall for one second.

MP.2

represents the distance that the ladder slid down the wall in one second.
represents the starting position of the bottom of the ladder.
′ represents the position of the bottom of the ladder after it has slid for one second.
represents the distance the ladder has moved along the ground after sliding down the wall in one
second.


The distance from point




to point ′ is

ft. Explain why.

Since the ladder is sliding down the wall at a constant rate of ft. per second, then after 1 second, the
ladder moves feet. Since we are given that the time is took for the ladder to go from position to
is one second, then we know the distance between those points must be feet.

The bottom of the ladder then slides on the floor to the left so that in 1 second it moves from to ′ as
shown. Therefore the average speed of the bottom of the ladder is ft. per second in this 1‐second interval.
Will the bottom of the ladder move at a constant rate away from point ?

Provide time for students to discuss the answer to the question in pairs or small groups, and then have students share
their reasoning. This question is the essential question of the lesson. The answer to this question is the purpose of the
entire investigation.
Remind students that functions allow us to make predictions, and then ask students what we would use a function to
predict in this situation. Will the function be linear or non‐linear? Students should state that we would want the
function to predict the location of the bottom of the ladder after sliding down the wall for seconds. Students should
recognize that this situation cannot be described by a linear function. Specifically, if the top of the ladder was feet
from the floor as shown below, it would reach in one second (because the ladder slides down the wall at a constant
rate of per second). Then after 1 second, the ladder will be flat on the floor, and the foot of the ladder would be at the
point where | |
, or the length of the ladder.
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If the rate of change could be described by a linear function, then the point would move to ′ after 1 second, where
|
|
ft. (where is defined as the length the ladder moved from to ′ in one second). But this is impossible.
| |. When the ladder is flat on the floor, then at most, the foot of the ladder
Recall that the length of the ladder is
will be at point from point . If the rate of change of the ladder were linear, then the foot of the ladder would be at ′
because the linear rate of change would move the ladder a distance of feet every 1 second. From the picture you can
see that
. Therefore, it is impossible that the rate of change of the ladder could be described by a linear function.
Intuitively, if you think about when the top of the ladder, , is close to the floor (point ), a change in the height of
would produce very little change in the horizontal position of the bottom of the ladder, . Consider the three right
triangles shown below. If we let the length of the ladder be 8 ft., then we can see that a constant change of 1 ft. in the
vertical distance, produces very little change in the horizontal distance. Specifically, the change from 3 ft. to 2 ft.
produces a horizontal change of approximately 0.3 ft. and the change from 2 ft. to 1 ft. produces a horizontal change of
approximately 0.2 ft. A change from 1 ft. to 0 ft., meaning that the ladder is flat on the floor, would produce a
horizontal change of just 0.1 ft. (the difference between the length of the ladder, 8 ft. and 7.9 ft.).
Consider the three right triangles shown below. Specifically the change in the length of the base as the height decreases
in increments of ft.

In particular, when the ladder is flat on the floor so that
, then the bottom cannot be further left than the point
|
|
because
, the length of the ladder. Therefore, the ladder will never reach point , and the function that
describes the movement of the ladder cannot be linear.


We want to show that our intuitive sense of the movement of the ladder is accurate. Our goal is to derive a
formula, , for the function of the distance of the bottom of the ladder from over time . Because the top of
the ladder slides down the wall at a constant rate of ft. per second, the top of the ladder is now at point ,
which is ft. below the vertical height of feet, and the bottom of the ladder is at point , as shown below.
We want to determine the length of | |, which by definition is the formula for the function, .
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is

|?

The shape formed by the ladder, wall, and floor is a right triangle, so we can use the Pythagorean
Theorem to find the length of | |.
The length of |
seconds, i.e.,

|?
| is the length of the ladder minus the distance the ladder slides down the wall after
. Therefore, | |
.

What is the length of the hypotenuse of the right triangle?




The expression represents the distance the ladder has slid down the wall after seconds. Since
the rate at which the ladder slides down the wall, then is the distance it slides after seconds.

What is the length of |




. What does it represent?

How can we determine the length of |


8•7

The length of the hypotenuse is the length of the ladder, .

Use the Pythagorean Theorem to write an expression that gives the length of |

Provide students time to work in pairs to write the expression for the length of |


|, (i.e., ).

|. Give guidance as necessary.

By the Pythagorean Theorem

. Ask students to explain what the equation represents.
Pause after deriving the equation
Students should recognize that the equation gives the distance the foot of the ladder is from the wall, i.e., | |.


By applying the distributive property to

we get

2
is equal to

Then, by substitution,

2
2
2
By the distributive property again,
2
2
At this point we must say something about the possible values of . For example, what would happen if were
very large? Consider this using some concrete numbers: Suppose the constant rate, , of the ladder falling
down the wall is 2 feet per second, the length of the ladder, , is 10 feet, and the time is 100 seconds, what
is equal to?
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The value of
2
2 100

2 10

200 20

200

2 100

200 180
36,000
If the value of were very large, then the formula would make no sense because the length of |
would be equal to the square of a negative number.

|



For this reason, we can only consider values of so that the top of the ladder is still above the floor.
Symbolically,
, where is the expression that describes the distance the ladder has moved at a specific
rate for a specific time . We need that distance to be less than or equal to the length of the ladder.



What happens when


? Substitute for in our formula.

Substituting for ,
2
2
2

, the top of the ladder will be at the point

When

represents the length of |


Back to our original concern: What kind of function describes the rate of change of the movement of the
, which
bottom of the ladder on the floor? It should be clear that by the equation
2
represents | | for any time that the motion (rate of change) is not one of constant speed. Nevertheless,
thanks to the concept of a function, we can make predictions about the location of the ladder for any value of
as long as



.

We will use some concrete numbers to compute the average rate of change over different time intervals.
Suppose the ladder is 15 feet long,
15, and the top of the ladder is sliding down the wall at a constant
speed of 1 ft. per second,
1. Then the horizontal distance of the bottom of the ladder from the wall
(| |) is given by the formula
1 2 15
30



and the ladder will be flat on the floor because

|. If that length is equal to , then the ladder must be on the floor.

1

Determine the outputs the function would give for the specific inputs. Use a calculator to approximate the
lengths. Round to the hundredths place.
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Output

Input

√
√

.
√
.

√
√

.

√

.

√

.
√



Make at least three observations about what you notice from the data in the table. Justify your observations
mathematically with evidence from the table.

Sample observations given below.
The average rate of change between 0 and 1 second is
5.39 0
5.39
1 0
 The average rate of change between 3 and 4 seconds is
10.2 9
1.2
4 3
 The average rate of change between 7 and 8 seconds is
13.27 12.69
0.58
8 7
 The average rate of change between 14 and 15 seconds is
15 14.97
0.03
15 14
Now that we have computed the average rate of change over different time intervals, we can make two
conclusions: (1) The motion at the bottom of the ladder is not linear, and (2) that there is a decrease in the
average speeds, i.e, the rate of change of the position of the ladder is slowing down as observed in the four 1‐
second intervals we computed. These conclusions are also supported by the graph of the situation shown
below. The data points do not form a line; therefore, the rate of change in position of the bottom of the
ladder is not linear.


MP.2
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Closing (5 minutes)
Summarize, or ask students to summarize, the main points from the lesson:


We know that the motion at the bottom of a ladder as it slides down a wall is not constant because the rate of
change of the position of the bottom of the ladder is not constant.



We have learned how to incorporate various skills to describe the rate of change in the position of the bottom
of the ladder and prove that its motion is not constant by computing outputs given by a rule that describes a
function, then using that data to show that the average speeds over various time intervals are not equal to the
same constant.

Exit Ticket (5 minutes)
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Date

Lesson 23: Nonlinear Motion
Exit Ticket
Suppose a book is 5.5 inches long and leaning on a shelf. The top of the book is sliding down the shelf at a rate of 0.5 in.
per second. Complete the table below. Then compute the average rate of change in the position of the bottom of the
book over the intervals of time from 0 to 1 second and 10 to 11 seconds. How do you interpret these numbers?

Input

Output
0.5 11

0.5

0
1
2
3
4
5
6
7
8
9
10
11
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Exit Ticket Sample Solutions
Suppose a book is . inches long and leaning on a shelf. The top of the book is sliding down the shelf at a rate of . in.
per second. Complete the table below. Then compute the average rate of change in the position of the bottom of the
book over the intervals of time from to second and
to
seconds. How do you interpret these numbers?

Output
.

Input

.

√
√

.

.

√
√

.
.

.

√

√

.
.

.

√
√

.
.

.

√
√

.
.

.

√
√
The average rate of change between

and

and

.

.

seconds is
.

The average rate of change between

.

.

.

seconds is
.

.

.

.

The average speeds show that the rate of change of the position of the bottom of the book is not linear. Furthermore, it
shows that the rate of change of the bottom of the book is quick at first, .
inches per second in the first second of
motion, and then slows down to .
inches per second in the second interval from
to
seconds.
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Problem Set Sample Solutions
1.

Suppose the ladder is
feet long, and the top of the ladder is sliding down the wall at a rate of . ft. per second.
Compute the average rate of change in the position of the bottom of the ladder over the intervals of time from to
. seconds, to . seconds, to . seconds, . to
seconds, and
to . seconds. How do you
interpret these numbers?
Output
.

Input

.

√
√

.

.

√
.

.

.
.

.

√

.

.

√

.

.

√
√

.

.
.

.

√
√

.
.

.

and . seconds is
.

.

.

.
The average rate of change between

.

.

and . seconds is
.

.

.

The average rate of change between . and

.

.

.
seconds is

.
The average rate of change between

.

and . seconds is
.
.

The average rate of change between

.

√

.
The average rate of change between

.

.
.

.
.

.

. seconds is

and

.
.

.
.

.

The average speeds show that the rate of change in the position of the bottom of the ladder is not linear.
Furthermore, it shows that the rate of change in the position at the bottom of the ladder is quick at first, . feet
per second in the first half second of motion, and then slows down to .
feet per second in the half second
interval from
to . seconds.
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Will any length of ladder, , and any constant speed of sliding of the top of the ladder
a constant rate of change in the position of the bottom of the ladder? Explain.
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ft. per second, ever produce

No, the rate of change in the position at the bottom of the ladder will never be constant. We showed that if the rate
were constant, there would be movement in the last second of the ladder sliding down that wall that would place
the ladder in an impossible location. That is, if the rate of change were constant, then the bottom of the ladder
would be in a location that exceeds the length of the ladder. Also, we determined that the distance that the bottom
, which is a
of the ladder is from the wall over any time period can be found using the formula
non‐linear equation. Since graphs of functions are equal to the graph of a certain equation, the graph of the
function represented by the formula
is not a line, and the rate of change in position at the
bottom of the ladder is not constant.
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